42 TPoincare Disk as a Hilbert Plane.

'Pro[:osakson 43\
Let -j-e.!\\x&.CD) ) (f L s a P-live , then fuzs is aso a P-line .

pro<f

lf L s a P-line , Hren L=y aD where Y isa sb'mgkb fine. 'Fasing -&lnrbvah “the oﬁ%ir\ or
a._cirde 'Ferra\qlicu(ar‘ba'l".

Then -theve exist arair-cf'lxivvts zow:l-‘_z: on L.

et -f(zh?\a";“l where a,A eC , lal<cy, IAl=1

Firstha, ba exercise.  4.1.4., fﬁ}) = a sbmiﬂ«b line or a cicle an C.

- -a =
BPucthermore . L - | =7\°;:“ and f(_l_)

=)‘o.z-l
}5 Y Z-a -a -1 z-a
azZ -

"l'keftfb&, ‘f&\L) covitaing f&v and f(-.%h# ard so jﬁp ' a sbm:?vb line. 'Fasmg -&vu%k +he

ov-i%inwaclrde'FevTevAicJor‘boT'.

ml—

NI

Note -drat -f'-’(D—ﬂD is B:')ecﬁve., So f(ﬂ)afb.prﬂb which _is o P-line .
A‘So. lf zl=1 , dhen (f(z)\= .

_('t\erefwe., 'f oS “dhe e bowxdana_ ?oiwks of L 4o -trose cf -g&).

'Rrol:osﬂ-jev\ 432
Let fe!\wh(b) : lf L is aPline and wel  then Hrere edasts (exst expc&l\&—b.au) feﬁ&tﬂb)

sSuch Haat -f(w)=o and f(l)-{x-\-ioeC:-(sxsl'i. 25 N Im
'r’
—chf:

ALD) , then = z “
33 ~ o
> Re

wheve a, A eC, lal<t, IAl=1. >

0 -S(w)=o & a=\.

2) Letk 2 and & Be’boo\oowvdavg?dv@cfk.

2w 22w
Since [l =\Z1=1, Bxa exercise &.1.3 , ng;_‘|= Sl e
(2w LBew
‘f 7\"52:-\ ’ 7\’-'Ez’;-l '

Let A= Cor W), then -fom:l (or -fomzt).
2B 2-w Z-D . 2-w X
Furbthermore. , f(z)- T hea (o f(z):fiz_?rn—z:‘) vmcrs a P-lne & a P-line .

However, the ov\l\a P-line. Passlv% ‘anrbvglf\ “dhe. cﬂ%tv\ wdh | as evd‘:»omb 8 {x+iceC: ~1exs 1},

So jz(l)- {xti0eC: -tsxs(}.




Coro\la\na_ 4.2
Let 2, and &, are P-lines on D and let e, and w,ef .
Then there existks  (exist exoct\\&-b..so) j?eAthD) such dhat f(m.hm and cha-L.

proof « P

Let -f.,-fteﬁwtfb) sudh that 'f.(ﬂ.):-f,_(»a,):b and

. (or £69) =1l and £ (or faH) =1
f& o ﬁ [ -?i \\(’&

—n\er\ , Hhe vresute fb(lués ba_ ‘Enl:mg_

f(z) = (f: °f‘) @ = f:cf‘m) )

—>Re

X

Remark : ‘f s D\V\%eja_ detevmined tf we know ‘5(2'1“ or f(z’;.)' 23

We are %o‘mg_ ) elefme. re wnstion oﬁ -Foirtt . line. . betieenness |, ccmgmewce ‘fbf‘ line. Se%w\ewts
and Ov\ales cﬁ tre Poincare Disk model .

beflniﬁon 432\

Let D={zeC : 2<}.
lf-Pe'lD,-H«\en‘Plsso.iel'ba beo.'Fo‘Mt (ura'P—Foith on D.
Let + be a sb'w%h't line. on C Fassmé_ -Hr\vm%\f\ “he uv-ialvx or o  cirde 'FerFerdiCuJav- “+o

“he wntk circle T, then l=ﬂ+n'lb s sad o be a lne (or a P-line) on D.

'R*cFosi-Eiov\ 433

Poincare  Disk. model Sabsfies axioms ::f nciderces (T -(T2).

Defwam 432

et 2 be ang P-line in D Then, L is 8Nen \oua_ ¥:(Cc) —D.
Let A=Yty , B=Yer) , C:¥tk) be distinct ]»wcs on L.

We. defw\e AxBxC rg 4, <ti<ty o >ttty .

'Prbl:os‘rl-jov\ 439

Poincare Disk. model sabsfles axioms of bebaeeriness ®1) -(B4).



Exercises 431

Let £ be a Prlice which s the diameter (ot endpoints) cjz T
Then L separates D wito o dzsjmm.smw&ue
M AR e on chﬁa’zw‘: subsets

> Hhe P-line segment A8 interects L exacty once.
iy A,C lle on Hre same subsets

< e P-line FQS'M% 'Hr\vcvg/\ AC. does wot  irherecks 2 .

Coﬂo“a\ra_ 4,32

let v and v are 'P-m? on D oﬁg\nakiné_ at W, and W, rquecENelua_
Then -there exists wnigue feAuttGD) sucdh that f(u.)su; and fm)=r;.

:D%In'rﬁon 422

Let. BB and CD be P-line segmevv(s. We deflme_ AR = CD .f da®) =de D) .
Let /BAC and LEDE ke 'P-a.v\g!es.we, dejw_ {BAC =~ LEDE .f 0.= 8, .

(RPC = Y‘A-BU rAC.

'ProFos'.-(-_iov\ 433

TPoincare Disk. model s«tsfis axioms cf cpméme.wce fov- line. Seémeﬂts and av\g(es @nN-0ce) .

@ :

There exists unigue. femzt(lb) such that
fm.hw; and -f(itnz’;_ X

Then , let Do . and

we. "\a\/e. d(A,‘B} t 3 d(‘-h ;’F|) - d('i(u\\ l-fcfl)) = d(C..'b)




(cy) -

There exists wnique. -j-ehxtG)) sueh that
f(»o.)=w; and $@h=z (or f(z:p:zg)
Let E=)e(1>,) (or Ez)e(Fa)

“Then ¢BAC = LEDE.

Theovem 4.3.1
TPoincare Disk model 1= a Hilbert —Flav\e

Exaw?le 4.2,

a) Find the e%ud’b'lon cf P-line
'Fass'm% -tl'\m,?\ A--L and Bk

K s e inkersection cf'b and the

circle 'Fass'm% -tl'm»%}« A=-L Be=i \-:;
and A=-2.
('x.+%);+ (\a—%;=% , -fcv- '1:.‘+13"<l .
b) Find the 'P—av%Le LOMR .
(1.+15F)‘+( —-ﬁ-): %’-
’Diﬁerewb‘u(:e both sides wirda ves‘>ect 4o =
z(x-e%) + 3.(«.&-%)33 =0
ﬁFM
4'3-\!'
s b
¥

%gh(--&.e)

'P-ar%le. LOMR =‘Em§"-3—_ ~23.1°< 45°

Remark : Sum ?f terior P- an8|es cjl "P—-briang{e, AOAR < (& .

For a %eneml 'P-'bﬁav\g(e ARRC 'o\a. c‘/\oosin%_ a surtable -fe At ()
wder -f ace N, ® and O, then we haw

'P-aun%!e_ LACR = ‘P-av%le_ LPOR = LACK

P—av%le LBAC = ‘P-ay%le_ (BRo < LBRO

'P-av%le_ LCBA = 'P-am%le_ LOBR < /OBA
oo Sum f wterior P- av%les ef ’P--brimgle_ ACAR < (8.




Let A,CceD and let Y be the cide with center C and vadius CA.

What does ¥ loock (ke 2

Let BeY By c\moszﬂ% a sutrble feAut®) , the moges cf A.B.C wder -3? ace
AN.% and O, then we hare dE.0):=d®. - ) =d,0).

T\/\ere}re -j’m Is Just the ordimna_ arcle with center 0 and rodius ON on D
However Y-.j’"(f«» ol -f-'e AR®) wlich maps o arde on D 4» ansther circk on D.

Ps a resute, we have he fuuowiv% ‘Fm\)oS'\'EJQV\-.

'Prul:osi-(-_ion 43.4
Y is a P-cvde on D rf and ov\\a_'f Y s anovcl'moma_ arcle on D.

Ba:mfle 4.2

lek C=4 . A=i.
Q) Fird daLe).
b) Fnd €he e%mhov\ cf the cicle Y center C and vadina CA.
Lot fo- gt
2) f(ﬁ o and fc—k H_--"—i, (-f@;)l
dA.0y = dek b =d(-fc—‘;),-§e,‘;n=d(l¢-ﬁm,o) <ln :i': g:l =ln%’%
) Equetion cf $a0 ﬁ@:ff@h
Let z=x+i3 W=tV and 2.-?@).

.,_Hg 2ativ) - |

n+iv)-2
= Ou-D+iQw)

A-2) +iv
V- Sue _3y
NSV (=2 + V>

a A
Pad (a" - -%_ = FRav-Su+d) + l"l'(%v? = 8 L2y =] ST T
B / /3‘\‘) 0. ; Y
RN WSy | [N -‘35)1-\- V- %] =0 .'" K &

7
f(=) =
NG

)
'
\
T -05 0 05 H 15
ke SN \ ]
2 k ]
(7N '°)+V =55 \ J
L9 ~1; ! 0
g g
\ .




o 4a —\'ﬁaomme:bna
Goal = Shudy the relation between Sides  and an%les 05 a ‘P-Jm-mg(e.

bgfiu\'ﬁm 4.4\

X~
H lic. cosine fl\v\cﬁem . cosho = &S
= oo 3

~X

Ha\wfbohc— sine j’w\ct!ovx . sinheo = ex_jf
: . Sirheo _E-€™
Hanr\oohc_ 'Eaméewt fn«:&\av\ “anheo c;sl'\m 5=

Bxercise 4.4

BRove the -fallcuing_ idenstirties :

1 &sinl«x = coshx

2) ¢ cosh = sinhx

3) cosh % - Sk = |

4) sinh 2% = 2coshx sidh

5) coshax= coslvae + sidAx = 2coshin- | = 2sinhoc+ |
6) Sinl\(xu&) = sinh % cosh g+ coshx sinhiy,

£ c.osk(xﬂa) = coshx cosh g+ sinh = Sln‘n\a_

D) -&mk('ua) . tohatahg

(-l-'&avhi‘(‘Aer\la_

Sinh % = Cosb\ir.%'ir “anh % = £

>t
-+ T+

2

5 -
Let ‘a"b‘“\"’*'%;%x -gm- al xeR.

e
_n\a/\ é= €=‘+( -
Pk S {
+
X = .llh‘—_‘%

-
-t Al B

Exercise 442

Show Hthat  codhh % = Inlx+ 1) and  Sinl = = Inlx+ 5550




Wity the dbove |, let 2,,2,e D and 'f(z\=_:T'f{—eAmt(b). Then .
d@.z0 = d(f@d. §@) = do fe) = |v\:—f:% = kadd' |Ez‘—z'::-|

Theorem 441 (Cosine Rule -jor- Ha?zv-‘oohc. Tﬁanglej

Sinh () sinh (€) cos A = coshib) cosh(c) - cosh(a)

'P(oof-.

OV\lla_ need “o consider -the 'follm'\n%_ SFeciql Cose. :

S = tonh () Cose
r=+tanh () L
a
A A
o (2) ____l se -v |
A=o c B=r

rsefy

¢ k‘(_g_) SQ. - se-ipf-r CeS-descos A
=0 rsePo yse'hoy T A4 -2rscosh

(P41 tann (&) - 2rstana (@) cosA = FistamcosA

s (1-tadn () cosA = st (A ) 4anh (&)

4yvs (l-‘havx\:@) cosA = 2 - 2P Db (D)
= (Pt S+ V-t () - (- PS4 O (4t @)
= ()14 ) (1= £ (@) = (=D L4 @)

AC S coeh - (ardus) | Hadh @
- - -5 -tara (9)

Sinh(b) sinh (€) cos A = coshib) cosh() - coshia)

) 'Fav'ticular-, rf A%,
coshib) cosh() = cosh(a) ('Rét\m%_oms' Theorem -ﬁr \—\a?zv-bo\ic_ Tﬁauale.)

E«a_ cosine.  Yule a.éair\ ,
Sinh(a) sinh(@) cos B = coshia) cosh) - coshib)
[N
= coslh(a) cosh(e) - %% (: coshib) cosh@) = cashia) )
. coshi@ sinAte)
cosh©@ a
- tah
cos® "
B
4anhdb) «

Silmilarlta_ , cosC = ) %




Theorem 442 (Cosine Rule ‘fbr H-.a?er\x:\ic. Tﬁama'e.)

SnA . _SnB __sSinC
sih(@@)  sih(B)  Sih(e)

'Fvoof-.

Sinh (k) sinh (€) cos A = coshib) coshic) - coshia)
a 2
Sinh(k) sinhic) cos A = [coshib) coshe) - cosh@ ]
Sinh(b) sinh i) ((-SiInA) = cosib) coshic)+coshia) - Ycosh@coshib) coshc)

Sinhil) Silhie) Sin*A = Sinh(k) sinhic) - cosihtb) coshic) —coshia) + 2 cosh@coshib) coshic)

= [ —cosh(a) - coshib) - cosh@) + 2cosh@coshib) cosh)

k)
S A

= cosh(@) - cosh tb) - cosh @) + Lcosh (@) coshib) coshc)
sin Q)

N
Sinh(Q) Sinh () sinkic)

whidh s s:a_wmz:tﬁc. ina,b.c

SimnA ___SmB __sSinC _ . _SinA SinB sinC
Sh@)  SWA(e  Sih () A& (Note Sih@ * SA(D) * SMA @ )

(%) ?avﬁquar-, r? A=1.3_ ,

SnR = Sinhib) Sin C. = Sinh(e) c
Sinh(a) simh(a)

Recall :  cos® = —m—ﬂ%

+a - sinh(b) tanh@) A
nB Sinh () tanh(®)

- Sinhb) cosha)
‘anh)

- £

Sinh (©) (" cosh@) = coshib) cosh) )

! = 'EN\‘I\(C
S w\lar'{ta , fanC __—Lsiv\h )

=(cosltb) - 1)(coslr(e) - 1) - coshhib) coshite) - coshia) + 2cosh@coshib) coshi



Theorem 443 (Second Cosine Rule 'fbr' Ha?evbo\:c_ Triavgle)

SinB sinC coshna) = cosA +cosBR cosC

‘Fr(ocf:

coshb) cosh(e) - cosh (@) cosha) cosh(a - cosh(b)
Cos A = cosB =
Sinh(b) sinh () Sinh(a) sinh @)
cosC = cosha) coshd) - cosh ()

Sinh(a) sinh (o)

cosh(b) cosh(@) - cosh (@) . cosh@) cosh@ - coshb)  cosh@) coshdb) - cosh)

A 4 cos® cosC -
Cos A + CosB cos = V\"\ XY SIV\L\ @ S'IV\L\ ) Siv\k «©) S'll’\"\ (@) SEV\L'\ )

- sinht@) [eoghib) cosh(@) - cosh@] + [cesh@) cosh(@ - cosh ) ][cosh@) coshd) - cosh (@]

Sinh(@) sinh () Sinh(c)

. Lcoshia)coshib) cosh(@ - Sinhta)cosh@) - cosha) (codAth) +cosiitey)
*
Sih(a) sinh k) Sirh(c)

- | -coshia) -coshib) - cosh )+ 2 cosh@coshib) cosh

—coshia)
S’m\'\z(a) sinh &) Sinh(c)
(Note : ) >  Swhia) sihl)snC = | —coshia) - coshib) - coshie)+ 2 cosh@coshib) cosh@ )
. .
. _swh®sSinC coshia)
Sinh()

SinR snC Coshia)



